The WOWA Operator: A Review
Vicenç Torra

Abstract. The WOWA operator (Weighted OWA) was proposed as a generalization
of both the OWA and the Weighted mean. Formally, it is an aggregation operator
that permits the aggregation of a set of numerical data with respect to two weighting
vectors: one corresponding to the one of the weighted mean and the other corresponding to the one of the OWA. In this chapter we review this operator as well as
some of its main results.

1 Introduction
Aggregation operators [20, 21] permit us to combine data provided from several
sources and return a single datum that is of better quality and, therefore, gives more
accurate information. Several aggregation operators have been defined in the literature. Differences in the operators are based on the differences between the data, and
the properties of these data.
A common classification of the operators is related to the nature of the data.
In this way, we can distinguish between numerical data, categorical data, and
also between data in other terms as e.g. partitions, (fuzzy) clusters, dendrograms,
sequences.
In this chapter we will review some results about the WOWA operator. This operator, introduced in [13] and [14], was defined for numerical data.
From a practical point of view, this operator was defined to encompass in a single
operator the advantages of the weighted mean and of the OWA operator. Informally,
the weighted mean permits us to weight the information sources, and the OWA
permits us to represent a compensation degree, or, alternatively, to give importance
to the data according to their values.
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From a mathematical point of view, the operator is a generalization of both the
weighted mean and the OWA. That is, particular parametrizations of the operator lead to either the weighted mean or the OWA. In addition, it has also been
proven [15] that the operator is a particular case of the Choquet integral [4].
In this paper we review some of the main results on this operator. In Section 2 we
review the WOWA operator as well as other aggregation operators that are related
to the WOWA. In Section 3 we discuss some generalizations of the operator. In
Section 4 we review some learning approaches for the parameters of this operator.

2 The WOWA Operator and Other Aggregation Operators
Aggregation operators are functions that combine N different data into a single datum. We use C from Consensus or Combination to represent them. Then, in general,
it is assumed that the aggregation of a1 , . . . , aN in a given domain D is C(a1 , . . . , aN ),
also in this domain D. That is, C : DN → D.
In some cases it is useful to represent in an explicit way where the data come
from. That is, which is the information source that has supplied each data. We will
use X = {x1 , . . . , xN } to represent the set of information sources. Then, we will use f
to represent the relationship between xi and the supplied value ai . That is, f (xi ) = ai
represents that xi supplies ai . Using this notation, we have that the aggregation of
the data supplied by the information sources in X is C( f (x1 ), . . . , f (xN )), or, with
an abuse of notation, C( f ).
There exist a few different definitions on what an aggregation function is. In
general it is usual to require monotonicity and unanimity or idempotency (for at
least a few elements in the domain). We consider aggregation operators as functions
C satisfying:
• Unanimity or idempotency: C(a, . . . , a) = a for all a in D
• Monotonicity: C(a1 , . . . , aN ) ≥ C(a1 , . . . , aN ) when ai ≥ ai
Some require unanimity only in the boundaries of D. In particular, if D = [0, 1],
unanimity is only required for 0 and 1. So, C(0, . . . , 0) = 0 and C(1, . . . , 1) = 1. This
is the case of [2]. In this case, t-norms and t-conorms are aggregation functions. In
this case, the term mean operators is used to name functions that satisfy unanimity
for all a in D.
In addition, in some circumstances the symmetry condition is also required to
aggregation operators. This property, which is formalized below, implies that there
is no distinguished data.
• Symmetry: For any permutation π on {1, . . . , N} it holds that
C(a1 , . . . , aN ) = C(aπ (1) , . . . , aπ (N) )
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2.1 Arithmetic Mean, Weighted Mean and OWA Operator
The arithmetic mean, the weighted mean and the OWA operator are some of the
most well known aggregation operators. Both the weighted mean and the OWA
combine a set of data with respect to a weighting vector. The arithmetic mean does
not include any parameter.
The weighting vector in the weighted mean permits us to take into account some
a prior knowledge, following artificial intelligence jargon. about the information
sources. We give below the definitions of the weighting vector, the arithmetic mean
and the OWA operator.
Definition 1. Let A = (a1 , . . . , aN ) be N data in R. Then, we define a weighting
vector, the arithmetic mean (AM : RN → R) of A, and the weighted mean (W M) of
A with respect to a weighting vector as follows:
• A vector v = (v1 . . . vN ) is a weighting vector of dimension N if and only if vi ∈
[0, 1] and ∑i vi = 1.
• AM is an arithmetic mean, if AM(a1 , ..., aN ) = (1/N) ∑Ni=1 ai .
• W M is the weighted mean with respect to a weighting vector p,
if W Mp (a1 , ..., aN ) = ∑Ni=1 pi ai .
The OWA (Ordered Weighting Averaging) operator has a definition similar to the
one of the weighted mean. It is as follows:
Definition 2. [22, 23] Let w be a weighting vector of dimension N; then, a mapping
OWA: RN → R is an Ordered Weighting Averaging (OWA) operator of dimension
N if
N

OWAw (a1 , ..., aN ) = ∑ wi aσ (i) ,
i=1

where {σ (1), ..., σ (N)} is a permutation of {1, ..., N} such that aσ (i−1) ≥ aσ (i) for
all i = {2, ..., N} (i.e., aσ (i) is the ith largest element in the collection a1 , ..., aN ).
The weighted mean and the OWA operator are similar operators as both are a
linear combination of the values with respect to the weights. Nevertheless, the ordering step that takes place in the OWA operator makes a fundamental difference.
This difference makes different the interpretation of the weights in both operators.
In the weighted mean, the weight is attached to the information source. Due to
this, weights correspond to the importance of the information sources. E.g., when
the data correspond to sensors, the weight might correspond to the reliability of the
corresponding sensor; and when the data correspond to the evaluation of some criteria (or experts) in a multicriteria decision making problem, the weights correspond
to the importance of the criteria (or of the experts).
In contrast, in the OWA operator, the weight is attached to the data, with respect
to its relative position. Due to this, weights permit us to give more importance to e.g.
low values, central values or high values. For example, we can give more importance
to small distances (e.g., if we want to avoid a collision of a robot, is more importance
a nearer object than a farther one), or permit some compensation (e.g., if a bad
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evaluation of a criteria can be compensated with a good one – or in the extreme
case, if a single good criteria can override all the others).
The degree of compensation in the OWA operator is measured with the orness
degree. This is a measure that evaluates in what extent the outcome of the aggregation is near to the maximum of the data being aggregated. The larger the outcome,
the larger the orness and the larger the compensation. Note that the maximum compensation corresponds to assigning the largest value to the output of the function.
The orness is formally defined below and, in fact, the definition is valid for all aggregation operators C and for all parameterizations P. It results that for some of the
operators, the orness does not depend on the particular parameterization selected,
while for others the orness depends on the particular parameterization used. The
weighted mean is an example of the former (i.e., the orness of the weighted mean is
independent of the parameter used), and the OWA is an example of the latter (i.e.,
different parameters give different orness for the OWA).
Definition 3. Let C be an aggregation operator with parameters P; then, the orness
of CP is defined by
orness(CP ) :=

AV (CP ) − AV (min)
.
AV (max) − AV (min)

(1)

The orness of the aggregation operators reviewed above is as follows:
• orness (AM) = 1/2
• orness(W Mp ) = 1/2
1
• orness(OWAw ) = N−1
∑Ni=1 (N − i)wi
From the orness of the OWA we can infer that its maximum orness is 1 when w1 = 1
and wi = 0 for all i = 1 (note that in this case the OWA corresponds to the maximum), and that the minimum ornes is 0 when wN = 1 and wi = 0 for all i = N (note
that in this case the OWA corresponds to the minimum).

2.2 The WOWA Operator
Due to the fact that in some applications it is of interest to assign weight to information sources and also to the compensation degree (or the relative importance of
values), a generalization of both weighted mean and OWA was proposed. This generalization is the WOWA operator. WOWA operator stands for Weighted Ordered
Weighted Averaging operator. Formally, it is also a linear combination of values
a1 , . . . , aN with respect to weights. Nevertheless, these weights are computed taking
into account two weighting vectors. One of the weighting vectors has the interpretation of the ones in the weighted mean, and the other has the interpretation of the
ones in the OWA. We use here p to represent the weights with the interpretation
used in the weighted mean, and w to represent the weights with the interpretation
used in the OWA. Note that although we use here different letters w and p, both
weighting vectors have the same mathematical properties.
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Definition 4. [13, 14] Let p and w be two weighting vectors of dimension N; then,
a mapping WOWA: RN → R is a Weighted Ordered Weighted Averaging (WOWA)
operator of dimension N if
N

WOWAp,w (a1 , ..., aN ) = ∑ ωi aσ (i) ,
i=1

where σ is defined as in the case of OWA (i.e., aσ (i) is the ith largest element in the
collection a1 , ..., aN ), and the weight ωi is defined as

ωi = w∗ ( ∑ pσ ( j) ) − w∗ ( ∑ pσ ( j) ),
j≤i

j<i

with w∗ being a nondecreasing function that interpolates the points
{(i/N, ∑ w j )}i=1,...,N ∪ {(0, 0)}.
j≤i

The function w∗ is required to be a straight line when the points can be interpolated
in this way.
As stated above, this definition uses an interpolation method to build a function
from the points in the set {(i/N, ∑ j≤i w j )}i=1,...,N ∪ {(0, 0)}. The original definition
used the interpolation method described in [17]. Other interpolations approaches
have been used as e.g. linear interpolation. A discussion on the effects of different
interpolation methods is given in [19].
For details on the WOWA operator, and about the meaning of the function
see [20, 21].
Some extensions have been defined for this operator. One of them, the Linguistic WOWA (L-WOWA) operator [14], was given to deal with categorical data. LWOWA operator can be seen as an extension of the L-OWA, in the same way that
the WOWA operator is an extension of the OWA operator.

2.3 The Choquet Integral
The Choquet integral is an operator that generalizes the WOWA operator, as proven
in [15]. As the WOWA generalizes the arithmetic mean, the weighted mean and the
OWA, it can be said that all these functions belong to the same family of operators.
The basis of this integral, in comparison with the other mentioned operators, is
that now the weights (or importances) are not of a single information source but to
a set of them. While in the weighted mean, we have pi as the weight of information
source xi , we can not consider the weight of e.g. the set {x1 , x4 }. Formally, in the
weighted mean we have weights p : X → [0, 1] such that ∑xi ∈X p(xi ) = 1, and we use
the notation pi = p(xi ). Thus, pi = p(xi ) is the importance of information source xi .
In contrast, in the case of the Choquet integral we use functions μ over subsets
of X. Then, μ (ψ ) for ψ ⊆ X is the importance of the elements in ψ taken together.
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As in the case of the weighting vectors, μ (ψ ) ∈ [0, 1]. These functions are known
as fuzzy measures, and we review them below.
Definition 5. A fuzzy measure μ on a set X is a set function μ : ℘(X) → [0, 1]
satisfying the following axioms:
(i) μ (0)
/ = 0, μ (X) = 1 (boundary conditions)
(ii) A ⊆ B implies μ (A) ≤ μ (B) (monotonicity)
That is, μ are set functions that satisfy monotonicity. Monotonicity means that the
larger the set, the larger the measure, or, equivalently, the larger the set of criteria,
the larger their importance. In addition, the maximum importance (equal to 1) is
achieved for the whole set of criteria, and the minimum importance (equal to 0) is
achived for the empty set.
Choquet integrals permit to aggregate values taking into account the importance
expressed in the measures. The aggregation corresponds to the integral of a function
with respect to the measure. The function corresponds to the data to be aggregated
as expressed above with the expression C( f ).
Definition 6. [4] Let μ be a fuzzy measure on X; then, the Choquet integral of a
function f : X → R+ with respect to the fuzzy measure μ is defined by
(C)



N

f d μ = ∑ [ f (xs(i) ) − f (xs(i−1))]μ (As(i) ),

(2)

i=1

where f (xs(i) ) indicates that the indices have been permuted so that 0 ≤ f (xs(1) ) ≤
· · · ≤ f (xs(N) ) ≤ 1, and where f (xs(0) ) = 0 and As(i) = {xs(i) , . . . , xs(N) }.


When no confusion exists, we can use CIμ (a1 , . . . , aN ) = (C) f d μ , where,
f (xi ) = ai , as before. There are alternative expressions for the Choquet integral that
are equivalent to the one given above. The next proposition presents one of them.
Proposition 1. Let μ be a fuzzy measure on X; then, the Choquet integral of a function f : X → R+ with respect to μ can be expressed as
(C)



N

f d μ = ∑ f (xσ (i) )[μ (Aσ (i) ) − μ (Aσ (i−1))],

(3)

i=1

where {σ (1), . . . , σ (N)} is a permutation of {1, . . . , N} such that f (xσ (1) ) ≥ f (xσ (2) ) ≥ · · · ≥
f (xσ (N) ), where Aσ (k) = {xσ ( j) | j ≤ k} (or, equivalently, Aσ (k) = {xσ (1) , . . . , xσ (k) } when k ≥
1 and Aσ (0) = 0).
/

As stated above, the WOWA operator is a particular case of the Choquet integral.
In particular, a WOWA operator corresponds to a Choquet integral with respect to a
distorted probability. Distorted probabilities are a particular type of fuzzy measure.
All Choquet integral with respect to this type of fuzzy measures are equivalent to a
WOWA operator, and all WOWA operators with weights p and w are equivalent to
a Choquet integral with respect to the distorted probability constructed from p and
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the function w∗ constructed using the interpolation method in the definition of the
WOWA (Definition 4).
In the next two definitions, we review the definition of a distorted probability.
Definition 7. Let P : 2X → [0, 1] be a probability distribution. Then, we say that a
function f is strictly increasing with respect to P if and only if
P(A) > P(B) implies f (P(A)) > f (P(B))
At this point it is relevant to state that as we suppose that X is a finite set, when
there is no restriction on the function f , a strictly increasing function f with respect
to P can be regarded as a strictly increasing function on [0, 1]. Note that with respect
to increasingness only the points in {P(A)|A ∈ 2X } are essential, the others are not
considered by f (P(A)).
Definition 8. [1, 3] Let μ be a fuzzy measure. We say that μ is a distorted probability if there exists a probability distribution P and a strictly increasing function f
with respect to P such that μ = f ◦ P.

3 Generalizations of the WOWA Operator
In a recent paper [11], we introduced an extension of distorted probabilities. This
was motivated by the fact that distorted probabilities is only a small fraction [7, 11]
of all possible fuzzy measures. m-dimensional distorted probabilities permits us,
with an appropriate value m, to represent all fuzzy measures.
These measures, together with m-symmetric ones, permit us to naturally extend
WOWA and OWA operators into m-dimensional WOWA and m-dimensional OWA.
The m-dimensional ones with m = |X| are equivalent to a Choquet integral with an
unconstrained fuzzy measure. That is, a Choquet integral with an arbitrary fuzzy
measure. Definitions and results are reviewed in this section.

3.1 m-Dimensional Distorted Probabilities
We start defining m-dimensional distorted probabilities, and then review two basic
properties.
Definition 9. [11] Let {X1 , X2 , · · · , Xm } be a partition of X; then, we say that μ is an
at most m-dimensional distorted probability if there exists a function f on Rm and
probabilities Pi on (Xi , 2Xi ) such that:

μ (A) = f (P1 (A ∩ X1 ), P2 (A ∩ X2 ), · · · , Pm (A ∩ Xm ))

(4)

where f on R is strictly increasing with respect to each variable.
We say that an at most m-dimensional distorted probability μ is an m-dimensional
distorted probability if μ is not an at most (m − 1)-dimensional.
m
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The fact that all fuzzy measures can be represented as m-dimensional distorted probabilities follows from the next proposition, that is trivial from the above
definition.
Proposition 2. [11] Every fuzzy measure is an at most m-dimensional distorted
probability with m = |X|.
Note that for n = |X|, we are considering the following partition of X: {X1 =
{x1 }, . . . , Xn = {xn }}. So, f (a1 , . . . , an ) = μ (A) when ai = 1 if and only if xi ∈ A.
To complete the properties of these fuzzy measures, we have the following proposition that states that m-dimensional distorted probabilities define a family of measures with increasing complexity with respect to m. This means that increasing the
value of m, the number of measures being representable increases. The following
proposition establishes this property.
Proposition 3. [11] Let Mk be the set of all fuzzy measures that are k-dimensional
distorted probabilities and let M0 be the empty set. Then Mk−1 ⊂ Mk for all k =
1, 2, . . . , |X|.

3.2 m-Symmetric Fuzzy Measures
Symmetric fuzzy measures are those measures where the measure of a set depends
only on the number of elements in the set. That is, μ (A) = f (|A|) for a function f
(| · | stands for the cardinality of a set). It has been proven that an OWA operator
corresponds to a Choquet integral with respect to the following symmetric fuzzy
|A|
measure: μ (A) = ∑i=1 wi .
The concept of symmetric fuzzy measure has been extended to m-symmetric
fuzzy measures [9, 8]. The definition is based on the set of indifference. Such set
is defined by elements that do not affect the value of the measure. That is, the elements of a set are indistinguishable with respect to the fuzzy measure.
Definition 10. [9, 8] Given a subset A of X, we say that A is a set of indifference if
and only if:
∀B1 , B2 ⊆ A, |B1 | = |B2 |,
∀C ⊆ X \ A μ (B1 ∪C) = μ (B2 ∪C)
In the case of m = 2, we have the following definition. Below is the general one.
Definition 11. [9, 8] Given a fuzzy measure μ , we say that μ is an at most 2symmetric fuzzy measure if and only if there exists a partition of the universal set
{X1 , X2 }, with X1 , X2 = 0/ such that both X1 and X2 are sets of indifference. An at
most 2-symmetric fuzzy measure is 2-symmetric if X is not a set of indifference.
Definition 12. [9, 8] Given a fuzzy measure μ , we say that μ is an at most msymmetric fuzzy measure if and only if there exists a partition of the universal set
{X1 , . . . , Xm }, with X1 , . . . , Xm = 0/ such that X1 , . . . Xm are sets of indifference.
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It is clear from this definition that all fuzzy measures are m-symmetric for a large
enough value m. This is stated in the next proposition.
Proposition 4. Every fuzzy measure μ is an at most n-symmetric fuzzy measure for
n = |X|.
Definition 13. [9, 8] Given two partitions {X1 , . . . , X p } and {Y1 , . . . ,Yr } on the finite
universal set X, we say that {X1 , . . . , X p } is coarser than {Y1 , . . . ,Yr } if the following
holds:
∀Xi ∃Y j such that Y j ⊆ Xi
Definition 14. [9, 8] Given a fuzzy measure μ , we say that μ is m-symmetric if
and only if the coarsest partition of the universal set in sets of indifference contains
m non empty sets. That is, the coarsest partition is of the form: {X1 , . . . , Xm }, with
Xi = 0/ for all i ∈ {1, . . . , m}.
It is known that symmetric fuzzy measures are a particular case of distorted probabilities. This is in relation to the fact that OWA operators are a particular case of
WOWA operators. This relationship can also be established between m-symmetric
fuzzy measures and m-dimensional distorted probabilities.
Proposition 5. [10] Let μ be an m-symmetric fuzzy measure with respect to the
partition {X1 , . . . , Xm }. Then, μ is an m-dimensional distorted probability.
The reversal of this proposition is not true, as it is the case for 1-dimensional ones,
where the OWA and the WOWA are also not equivalent. The next proposition characterizes one case in which m-dimensional distorted probabilities are m-symmetric
fuzzy measures.
Proposition 6. [10] Let μ be an m-dimensional distorted probability. If, pi (x j ) =
pi (xk ) for all x j , xk ∈ Xi and for all i = 1, . . . , m, then μ is an m-symmetric fuzzy
measure.

3.3 m-Dimensional OWA and m-Dimensional WOWA
The definition of m-dimensional operators relies on the well known fact that OWA
operators are equivalent to Choquet integrals with respect to symmetric fuzzy measures. On the basis of this fact, m-symmetric fuzzy measures permit us to define the
corresponding generalization of the OWA operator. This is defined below.
Definition 15. [10] The m-dimensional OWA is defined as the Choquet integral
with respect to an m-symmetric fuzzy measure.
In a similar way, WOWA operators are equivalent to Choquet integrals with respect
to distorted probabilities [15]. Therefore, a Choquet integral with an m-dimensional
probability can be seen as a generalization of the WOWA operator. We give this
definition below.
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Table 1 Data for learning
uc1
a11
a21
..
.
aM
1

uc2
a12
a22
..
.
aM
2

. . . ucN
. . . a1N
. . . a2N
..
.
. . . aM
N

RC
p1
p2
..
.
pM

uC
b1
b2
..
.
bM

Definition 16. [10] The m-dimensional WOWA is defined as the Choquet integral
with respect to an m-dimensional distorted probability.
Definitions 15 and 16 permits us to establish the following result that is a corollary
of Proposition 5.
Corollary 1. [10] An m-dimensional OWA is a particular case of an m-dimensional
WOWA. In other words, a Choquet integral with respect to an m-symmetric fuzzy
measure is a particular case of a Choquet integral with respect to an m-dimensional
distorted probability.
Thus, the same relationship that holds for OWA and WOWA, also holds for mdimensional OWA and m-dimensional WOWA.

4 Learning Parameters for the WOWA Operator
Learning parameters for the WOWA operator corresponds to the process of determining its weighting vectors p and w. This problem was considered in [18] under
a supervised environment. That is, it is assumed that we have a set of examples for
which both the input data and the output data are known. Table 1 represents this
situation. Under this assumption, we select the weights p and w that minimize the
difference between the expected output and the real output.
Assuming that the difference between the expected outcome and the actual outcome is computed using the Euclidean distance, the problem can be formalized as
follows.
Minimize DWOWA (p = (p1 , . . . , pN ), w = (w1 , . . . , wN )) =
j
j
N
j 2
∑M
j=1 (∑i=1 WOWAp,w (a1 , . . . , aN ) − b )
Sub ject to
∑Ni=1 pi = 1
∑Ni=1 wi = 1
pi ≥ 0
wi ≥ 0

(5)

To solve this problem, [18] used an hybrid approach that bootstrapped from the
optimal solution obtained for the weighted mean and the OWA operator (following [16]), and then applied the gradient descent as proposed in [5, 6]. This hybrid
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approach is needed because the optimization problem in the case of the WOWA is
not quadratic and there is no easy way to compute its optimal solution.
These results assume that data is complete, that is, there is no missing data. In
the case of such data, we developed an approach based on genetic algorithms. Our
approach, as well as some experiments, is reported in [12].
Finally, we have also considered the process of learning m-dimensional distorted
probabilities. An approach for this type of problems is described in [11].

5 Summary
In this chapter we have described our main results about the WOWA operator, and
some of its extensions. In particular, we have described m-dimensional WOWA operators. In addition, we have presented a short overview about the process of learning the weights of this operator. [20, 21] presents more details and some examples.
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